The presence of rings around a transiting planet can cause its radius to be overestimated and lead to an underestimation of its density if the mass is known. We employed a Bayesian framework to show that the anomalously low density (∼0.09 g cm −3 ) of the transiting long-period planet HIP 41378 f might be due to the presence of opaque circum-planetary rings. Given our adopted model priors and data from the K2 mission, we find the statistical evidence for the ringed planet scenario to be comparable to that of the planetonly scenario. The ringed planet solution suggests a larger planetary density of ∼1.23 g cm −3 similar to Uranus. The associated ring extends from 1.05 to 2.59 times the planetary radius and is inclined away from the sky plane by ∼25 • . Future high-precision transit observations of HIP 41378 f would be necessary to confirm/dismiss the presence of planetary rings.
Introduction
Planetary rings are exciting features yet to be detected around exoplanets despite their prevalence around the giant planets and other rocky bodies of the solar system. A number of studies have proposed methods to identify and characterise their signatures from transit light curves, Rossiter-McLaughlin (RM) signals, and reflected light signals (e.g. Barnes & Fortney 2004; Ohta et al. 2009; de Mooij et al. 2017; Santos et al. 2015) .
The transit method is very attractive for probing the presence of rings as they cause a number of effects in the transit light curve (Barnes & Fortney 2004; Tusnski & Valio 2011) . Searches for rings in transit data have thus been performed and in some cases possible ring signals have been identified or constraints placed on ring parameters (e.g. Kenworthy & Mamajek 2015; Heising et al. 2015; Aizawa et al. 2017 Aizawa et al. , 2018 . The presence of rings around a transiting planet would cause a deeper transit signal which could be mistaken to be due to a larger planetary radius (Akinsanmi et al. 2018) . The overestimated radius leads to an underestimation of the density of a planet if its mass is known (Zuluaga et al. 2015) .
Extremely low-density planets, so-called super-puffs, thus provide a unique and unexplored planet class to search for the presence of rings (Piro & Vissapragada 2019) . Prime examples of these super-puff planets are Kepler-51 b, c, and d (Masuda 2014) and Kepler-79 d (Jontof-Hutter et al. 2014) , which all have densities below 0.1 g cm −3 . However, the low signal-to-noise data due to their faint stars makes them unsuitable for probing the transit signature of rings.
Interestingly, the bright star HIP 41378 (K=7.7 mag), which was observed in campaigns C5 and C18 of the K2 mission has been shown to host at least five transiting planets (Vanderburg et al. 2016) . In particular, HIP 41378 f was found to have a period of 542 days and a mass of 12 ± 3 M ⊕ (Santerne et al. 2019) . Combining this mass with the derived planetary radius of 9.2 ± 0.1 R ⊕ gives an anomalously low planetary density of ∼0.09 g cm −3 (Table A. 1), which puts it in the class of superpuffs.
We therefore investigate the possibility that the low density of HIP 41378 f can be due to the presence of planetary rings. Long-period planets, such as HIP 41378 f with semi-major axis of ∼1.4 AU, are particularly interesting in the search for rings as they can be similar to the ringed objects in the solar system which all orbit far from the Sun. At large distances from their host stars, planets are less influenced by the tidal forces of the star. This allows the planets to have large enough Hill radii to support rings and the rings are able to have a wide variety of orientations that can favour their detection (Schlichting & Chang 2011) . The orbit of HIP 41378 f is consistent with an eccentricity, e, of zero (Santerne et al. 2019) , which is also favourable for hosting stable rings as it ensures a constant stellar tidal influence.
In this Letter, we perform Bayesian model comparison between a ringed planet scenario and the planet-only scenario to determine which of these scenarios is most probable given the data. 
Transit data and model priors

Models
We model the photometric transit of a ringed planet using SOAP3.0 (Akinsanmi et al. 2018) . The ring is defined by an inner and outer radii R in and R out in units of the planetary radius R p with constant opacity τ. The ring has two orientation angles: i r is the inclination of the ring plane with respect to the sky plane (0 • and 90 • for face-on and edge-on rings projections, respectively), while θ defines the obliquity/tilt of the ring from the orbital plane (measured anti-clockwise from the transit chord; see Fig. 1 and also Akinsanmi et al. 2018) . The planet-only model has the usual spherical model transit parameters. A description of the relevant parameters for both models is given in Table A .2. To investigate the ringed planet hypothesis, we perform a Bayesian model comparison by computing the evidence (see Sect. 3 ) for the planet-only and ringed planet scenarios given the observational data from the K2 mission.
Transit data
The star HIP 41378 was observed in long-cadence mode (LC) during K2 C5 and then in short-cadence mode (SC) in C18. We used the reduced HIP 41378 light curves from Santerne et al. (2019) , which were produced with the K2SFF pipeline (Vanderburg & Johnson 2014) without significant modification of the in-transit data. Searching for ring signatures in light curves requires high time resolution data, so we performed our analyses on the C18 SC light curve of HIP 41378 f (1933 transit data points) and checked the consistency of the result with the C5 light curve. A cursory fit of a spherical planet transit model to the light curve ( Fig. 2 ) reveals no visual sign of the characteristic residual ingress and egress anomalies that can be caused by the presence of rings 1 (Akinsanmi et al. 2018 ). However, it has been shown that these ring signals can be masked if R in is sufficiently close to the planet surface (Ohta et al. 2009 ). The lack of discernible ingress and egress signature in the residual could also imply that any possible ring around the planet that is capable of producing the observed transit depth must be densely packed and opaque or else the transition between the less opaque ring and completely opaque planet would have left a significant imprint during ingress and egress. Therefore, we assume that the putative ring is completely opaque.
Model priors
To calculate the evidence of each model given the C18 SC data, it is important to define appropriate priors on the parameters of the models as the evidence is very sensitive to their values. The prior on the scaled semi-major axis, a/R * , is obtained using Kepler's third law with values of the planetary period and the stellar density (Table A .1). A careful selection of priors for the stellar limb darkening coefficients (LDCs) is necessary since their effect is prominent at ingress and egress where ring signatures can also manifest themselves. The quadratic LDCs (u 1 , u 2 ) were first interpolated from Claret & Bloemen (2011) using parameters of the host star (Lund et al. 2019) . Thereafter, a better estimate of their values was obtained from the joint transit fitting of the other planets in this system (excluding planet f ). The resulting values and associated uncertainties were then used as priors in both the 1 Although we noticed some artefacts of the reduction process in the C18 light curve of HIP 41378 f , we chose not to perform further corrections to prevent the removal of possible ring features. planet-only and ringed planet models (see Table A .2). The planet eccentricity was kept fixed at zero as derived in Santerne et al. (2019) .
To define priors for the planetary radius R p , we consider the radius distribution of detected planets 2 with masses within 3σ of the mass of HIP 41378 f . This broad distribution is used because it spans a wide range of planetary radii including those of the aforementioned super-puff planets making it suitable as prior for the planet-only and ringed planet models. Given the mass, HIP 41378 f is expected to be a gaseous planet so we remove planets with radii below 2 R ⊕ to avoid planets that are consistent with rocky compositions (Marcy et al. 2014 ). The resulting radius distribution was found to be well represented by a lognormal distribution (see Fig. A.1) , which was then used as the prior on R p in both models.
To obtain priors for the outer ring radius, R out , we consider that rings are only stable within the Roche radius of the planet. Beyond this radius, the ring materials are unstable and ultimately coalesce to form satellites. The Roche radius is given by
Therefore, the possible rings around this planet must have R out ≤ R Roche . However, the underlying planet density ρ p and ring density ρ r required to calculate R Roche are unknown. The main rings of the giant planets of the solar system are within the Roche radius of their respective planet, which does not vary much between planets and is found to be generally around 2 − 3 R p (Charnoz et al. 2018 ). We adopt the upper limit and assume that the possible rings around this planet are also within R Roche = 3 R p . We assume that the rings can possibly extend from the planet surface so we adopt uniform priors on R out from 1 R p to 3 R p . Since we must have R in ≤ R out , the priors on R in is from 1 R p to R out ; the value of R out is updated at every iteration of the computation. For a planet to host rings with bound stable orbits, its Roche radius has to be within two-thirds of its Hill radius R H (Schlichting & Chang 2011) . We derive R H = 180 R p for HIP 41378 f (i.e. R H R Roche ), implying that it can host stable and long-lived rings.
Given that the equilibrium temperature of this planet, T eq 294 K, is higher than the melting temperature of water ice, the materials of any ring around this planet needs to have higher melting temperatures and densities than ice (ρ r > 1 g cm −3 ; 2 − 5 g cm −3 for rocky rings). Therefore, our computation enforced that the proposed solution must have ρ r >1 g cm −3 .
The ring inclination i r ranges from 0 • (face-on) to 90 • (edgeon). We note that at edge-on the ring has no effect on the light curve as its projected area is negligible. The projected area of the ring is proportional to the cosine of i r , so we use a prior distribution which is uniform in cos i r . We use an uninformative uniform prior on the ring obliquity, θ, ranging from 0 -180 • .
We note that different assumptions from those stated above regarding the parameters of the models could change the resulting evidence for the models and also lead to a different ring solution. Nevertheless, we adopted these priors as they are physically representative of the current knowledge of planets and rings.
Model comparison
We apply a Bayesian framework (see Appendix A.1) to compare the log evidence for the ringed planet model (log Z R ) to that for the planet-only model (log Z pl ) using the Bayes factor given by
(2)
For 1 < K < 3.2, the ringed model is barely more probable than the planet-only model, whereas K > 3.2 implies substantial evidence against the planet only model (Kass & Raftery 1995) . We compute the evidence for the planet-only model with R p , a/R * , i p , u 1 , and u 2 as free parameters while the ringed planet model additionally has R in , R out , i r , and θ. These parameters and their adopted priors are described in Table A .2. The same priors are used when both models have parameters in common. The results are given in Table 1 and the posteriors of the parameters from both models are shown in Fig. A.2 .
Comparing the evidence for both models using eq. 2 results in a Bayes factor K = 1.51 in marginal favour of the ringed planet model (Kass & Raftery 1995) . Because the value of K is 
close to 1, this implies that given the K2 C18 SC data and the adopted model priors, the ringed planet scenario is not significantly more probable and only provides a comparable evidence to the planet-only scenario. This is not surprising given that the characteristic ingress and egress transit signatures of rings are either absent or well suppressed in the data making the light curves of both models similar. It is however interesting that the ringed model has comparable evidence to the planet-only model despite the introduction of four extra parameters, which increases the prior volume compared to the planet-only model.
As previously mentioned, model comparison using Bayes factor is sensitive to the adopted priors for the models hence our selection of priors that are as physical as possible. For example, the adopted prior radius distribution favours smaller planet sizes but this is indeed the case given the measured mass of the planet. Not taking into account the knowledge of radius distribution would lead to a result that favours the planet-only model. Also, deriving the adopted radius distribution from planets with masses within 1σ of the mass of HIP 41378 f instead of 3σ leads to a prior on R p that only favours the ringed planet model.
The resulting ringed planet solution suggests a smaller planetary radius of R p = 3.7 +0.3 −0.2 R ⊕ , which is in the radius range obtained using mass-radius prediction tools such as forecaster 3 (3.3 ± 1.4 R ⊕ ) and bem 4 (3.8 ± 0.4 R ⊕ ). Combining this radius with the planet mass gives a higher planetary density of ρ p = 1.2±0.4 g cm −3 similar to that of Uranus (1.27 g cm −3 ). The associated ring begins close to the planet surface with R in = 1.05 R p and extends to R out = 2.59 R p . Although Saturn's fairly transparent D ring also begins close to the planet at 1.11 R p , it is unclear if dense opaque rings can have such proximity to the planet. We calculate the density of the possible ring materials that can be sustained within the obtained R out by setting R out = R Roche in eq. 1. We obtain ρ r = 1.08 ± 0.3 g cm −3 with 95% upper limit of 1.63 g cm −3 , which is denser than water ice but not as dense as typical rocky ring materials. The plausibility of such low-density ring particles is questionable at the equilibrium temperature of the planet. Although porous rocky materials can have such low densities (below 2 g cm −3 ) as measured for some asteroids (Carry 2012) , the possible formation scenario for such a ring is unknown. Given the adopted model priors, the best ringed planet solution gives a ring inclination i r = 25 • , which allows sufficient ring projected area to match the observed transit depth. The 95% upper limit on i r is 30 • . So for randomly orientated ring inclinations, the statistical probability of finding a ring with i r lower than 30 • is P = 1 − cos (30 • ) 13%, which is high considering that the probability of transit for this planet is only ∼0.5%.
We can determine the plane in which the putative ring lies (see Appendix A.2) by computing the ratio of the Laplace radius to the Roche radius, R L /R Roche , given in eq. A.4 . Assuming quadrupole moment values, J 2 , in the range of the solar system giant planets (0.003 -0.1), we obtain R L /R Roche > 1.7, implying that the plane of the possible ring around this planet aligns with the equatorial plane of the planet (Schlichting & Chang 2011) . Since the ring solution indicates a ring tilted by θ 95 • from the orbital plane, it implies that the equatorial plane of the planet is also 95 • from the orbital plane similar to Uranus (97.86 • ).
The fit to the data using the best parameters from both models is shown in Fig. 3 . It is seen from the root mean square (rms) of the residuals that both models provide comparable fit to the data. This indicates that the possible ring around this planet emulates well the signal of a planet-only model, thereby making it difficult to distinguish between both models. As a consistency check, we performed a fit of both models to the K2 C5 LC light curve (see Fig. A.3) and found that the resulting values of the parameters agree with our results from the C18 light curve within 1σ. A schematic of the ringed planet solution is shown in Fig. 4. 
Discussion and conclusions
A smaller planet with opaque rings provides not only a good fit to the K2 light curve of HIP 41378 f but can also explain its unusually low density. Nevertheless, it is possible that other phenomena may also be able to explain the anomalous radius/density. For instance, it is possible that the observed large radius is due to the planet having a small core and an extended atmosphere, likely composed of hydrogen. Super-Earths with masses up to 10 M ⊕ are capable of having such hydrogen-rich atmospheres that may dramatically increase the planet radius (Miller-Ricci et al. 2009 ). Adams et al. (2008) found that an atmosphere with 10% the mass of a planet can cause its radius to increase by up to 60%. This is especially the case if the atmosphere is undergoing hydrodynamic loss (outflows) owing to the low surface gravity of the planet (Wang & Dai 2019) . These outflows carry dust to high altitudes (enhancing the opacity of the atmosphere), which inflates the observed radius of the planet and even leads to featureless transmission spectra when probing the atmospheres. However, these outflows seem to affect planets with masses lower than 10 M ⊕ , which have weak gravitational wells and so it is not clear if they can occur in higher mass planets such as HIP 41378 f .
Several studies have also provided some explanations for the radius inflation of exoplanets mostly pointing to the correlation between the radius inflation and the level of radiation it receives from the star (Lopez & Fortney 2016) . For a particular star, the planets in close proximity generally receive higher stellar insolation and are more inflated than those further out. At the distance of 1.4 AU, HIP 41378 f receives only a low level of irradiation that is not sufficient to significantly puff it up as observed. Although young planets (<10 Myrs) are also expected to be inflated because of retained internal heat from their formation, this might not explain the case of HIP 41378 f as it is estimated to be 3.1Gyrs old (Lund et al. 2019) and is expected to have cooled off.
Besides focussing on the enlarged radius, it is necessary to check the possibility that the derived mass for the planet is not underestimated. The induced Radial Velocity (RV) signal amplitude (∼1 m s −1 ) of the planet is at the level of the instrumental stability and thus the derived mass could be influenced by unknown systematics (Santerne et al. 2019 ). However, a larger planetary mass is unlikely as it would cause larger RV amplitudes which would have been easier to detect. Further RV observations of this target using high-precision spectrographs have been suggested in order to refine the planetary mass (Santerne et al. 2019) .
Having considered these non-exhaustive alternatives, we conclude that the ring hypothesis presents a possible option to explain the observed low density. Further observations will be necessary to confirm/characterise the ring scenario. Transmission spectroscopy can be useful in probing the nature/presence of such rings as their opacity might vary with wavelength depending on the composition and density of the ring materials. However, solar occultations of Saturn's main rings have revealed featureless transmission spectra in which the ring materials are almost completely opaque at visual and near-infrared wavelengths (Nicholson et al. 2008) . At far-infrared (FIR) wavelengths, the rings should be optically thinner and we might expect to measure a shallower transit corresponding to a smaller planetary radius. The predicted light curve of the ringed planet at the FIR wavelength (where the ring might be transparent) is also shown in Fig  3. Additionally, RM measurements (Gaudi & Winn 2007) during the transit can be used to probe the presence of rings around the planet (see Appendix A.3).
As the Bayesian evidence for the ringed planet model is comparable to that of the planet-only model, it is difficult to categorically ascertain the reality of these rings as they mimic well the light curve of a planet-only model. Thus, we are only able to say, given the data, that the ring hypothesis presents one plausible explanation for the inferred low density of the planet. The ringed planet scenario also poses a challenge regarding the possibility of hosting low-density/porous ring materials at the high equilibrium temperature of the planet. This planet will benefit from future transit observations to validate its true nature. Transit observations with higher precision (e.g. using the Hubble Space Telescope or James Webb Space Telescope) will be necessary to identify ingress and egress signatures which will be useful in constraining the parameters of the possible ring and the underlying planet radius.
Parameter [unit] Symbol Description and adopted priors on the parameters of the planet-only and ringed planet models. + specifies parameters with the same priors in both models. The notation N(a, b) refers to a normal prior with mean a and standard deviation b, U(a, b) refers to a uniform prior between a and b, F (a) refers to a parameter fixed to value a, while log N(s, a, b) refers to a log-normal prior with shape parameter s shifted and scaled by a and b, respectively. where L(Θ) = P(D|Θ, M) is the likelihood, π(Θ) = P(Θ|M) is the prior, and Z = P(D|M) is the evidence. We are interested in obtaining the evidence of each model in order to compare them. The evidence gives us a way to quantify the relative strength of each of the models given the data. It is computed as the integral over the entire prior domain, which makes it very sensitive to the choice of adopted priors. The evidence integral is given as
Parameter Description
We employ the dynesty 5 Python package (Speagle 2019) which uses a nested sampling method (Skilling 2004) to estimate the log evidence (log Z) by integrating the prior within nested contours of constant likelihood. A Gaussian likelihood function is used in our computation. The algorithm additionally provides posterior samples as a by-product.
Appendix A.2: Ring plane
The plane in which rings around a planet lie depends on the balance between the centrifugal force and stellar tide acting on the planet, which varies with the distance of the rings from the planet (Tremaine et al. 2009 ). The distance from the planet where these forces balance out is defined as the Laplace radius R L given by (Schlichting & Chang 2011) R 5 L = 2J 2 R 2 p a 3 (1 − e) 3/2 M p M * . (A.3)
Within R L , rings settle in the equatorial plane of the planet, while beyond R L they settle in the orbital plane. Since rings spread out until R Roche , it is straightforward to determine the ring plane by taking the ratio of R L and R Roche given by ( where J 2 is the quadrupole moment of the planet (ranges from ∼ 0.003 for Uranus and Neptune to ∼ 0.01 for Jupiter and Saturn (Carter & Winn 2010) ) and R J is the radius of Jupiter. For R L /R Roche > 1, the rings are entirely within R L and thus lie in the equatorial plane of the planet. For R L /R Roche < 1, rings extend beyond R L and thus transition from lying in the equatorial plane close to the planet to lying in the orbital plane farther from the planet (Schlichting & Chang 2011) . 
